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Abstract: We present in this paper a geometric interpretation of the 3D model
reconstruction of the blood vessel of the human retina. The proposed method combines
the approach of the vessel tracking algorithm with the use of a continuous model of
generalized cylinder. The model is composed of two geometric objects: a generator axis
H and a surface S, represented as a stack of contours plans attached to this axis. The
segmentation algorithms by monitoring vessels that we propose is written by the use of
three interpolation method for have a smooth generator axis H. First, the graph topology
of the blood vessel is extracted from the human retina image. This is done after the
skeletonisation of the image, then, the pixel classification (termination points and
bifurcation points and inner points) and determination of the branches curve. Secondly,
we use three methods of the approximation of the vessels for have a smooth curve
(linear, cubic splines and least square linear interpolation). Afterwards, the construction
of a 3D model from a vascular image is done by using the Right Generalized Cylinder
State Model (RGC-sm). Finally, in a last part, we present results of segmentation and
3D reconstruction of a blood vessel group.
Keywords: 3D reconstruction, tubular structure, Right Generalized Cylinder, least
square, linear spline, cubic spline, retinal blood vessel image.
1. Introduction
This manuscript is dedicated to studying and develop a general methodology to detect,
analyze, visualize and reconstruct the 3D model of the blood vessels in the human retinal
images [1-11].We chose a segmentation approach by vessel tracking for the construction of a
continuous cylindrical representation of the interest blood vessel, our method combines the
sequential approach vessel tracking [12-14], with the use of a continuous model of a
generalized cylinder. By its nature, the vessel tracking provides access to successive cross
sections. The selected cylinder model [15–16] based on the state formalism, the model consists
of two geometric objects: a generator axis H [17-22] and a surface S, represented as a stack of
contours plans attached to this axis.
To quantify the degree of accuracy, we studied all stages of the approach (acquisition,
segmentation and interpolation) that influence the accuracy.
The manuscript begins with a description of the problem proposal and the proposed algorithm.
Then, we studied the Skeletonization of retina images [23-25] and the curve points are
classified in several categories [26-28], namely endpoints, bifurcation points and interior
points, (branches, crossover...). In the section 3, we are interested in the approximation of the
vessels that are already extracted. To have a smooth curve, three methods of interpolation are
used [29-31], namely least square, linear spline and cubic spline. Then we calculated the error
induced by each method [32-34]. Section 4 presents the status of the generalized cylinder
model, known as the RGC-sm (Right Generalized Cylinder State Model) [15–16], which we
use in this work. Finally, section 5 presents results of segmentation and reconstruction of the
3D model of the human retinal blood vessels.
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2. Problem proposal
Our objective is to extract data from a 2D image of the human retina by image
segmentation [23-28]. In a second step, an interpolation curve of the blood vessel will be
necessary to obtain a smooth axis H [29-31]. The analysis of the results is used to make a 3D
reconstruction model of these vessels [9-11] by using the Right Generalized Cylinder State
Model (RGC-sm) [15–16], which is the final step. Figure 1 exhibits the block diagram of the
approach adopted.

Figure 1. Block diagram
3. Image segmentation
After creating a binary version of the image using a global threshold automated method to
locate and exhibit the blood vessels in the background images of the retina [23-25]. It is then
modified with a series of morphological operators.
A. The skeleton
Skeletonization is an important process in the 2D image analysis. It helps to shorten the
shape of an object and extract geometric features. The skeleton picture preserves connectivity
and retains the topology of the original image but it reduces the width of objects to a unit
thickness. This reduction allows better characterizing the image and better exploring [24].
B. Detection of endpoints and bifurcation points
This method determines the location of the endpoints and bifurcation points in the binary
original image skeletonized [26-27].
1. The first step is to extract all the coordinates of all the pixels containing the
information in the skeletonized image.
2. Select the coordinates of the current pixel to be tested and determine the coordinates
of the eight neighboring pixels.
3. If this pixel has only one neighbor, then it is an end point and it will be saved in the
matrix of the endpoints (Figure 2).

Figure 2. End point
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4.

Otherwise, if the pixel has three or more neighbors, then it is a bifurcation point and it
will be recorded (Figure 3).

Figure 3. Bifurcation point
C. Detection point centerline of the blood vessels
First, we will choose the first endpoint E1 coordinates (m, n). Then we will check its 8
neighbors. We will find only a single pixel containing information V1 (since E1 is an endpoint). Then, we remove E1 and V1 is takes as the current point of the new test. This operation
is repeated until a bifurcation point is detected. Then we apply the same process to the next
endpoint [17-19] [27-28].

Figure 4. Inner point
4. Curve Blood vessel interpolation
There are many methods of interpolation .in this paper; we will test the performances of
linear, cubic splines and least square linear regression [29-31]:
We dispose a set of n+1 Points (xi, yi), i = 0,……., n such as x0 <x1 <... <xn.
 Linear splines:
𝑆0 (𝑥) = 𝑎0 𝑥 + 𝑏0 ,
𝑥 ∈ [𝑥0 , 𝑥1 ]
𝑆1 (𝑥) = 𝑎1 𝑥 + 𝑏1 ,
𝑥 ∈ [𝑥1 , 𝑥2 ]
.
𝑆(𝑥) =
(1)
.
.
𝑥 ∈ [𝑥𝑛−1 , 𝑥𝑛 ]
{𝑆𝑛−1 (𝑥) = 𝑎𝑛−1 𝑥 + 𝑏𝑛−1 ,


cubic splines:
𝑆0 (𝑥) = 𝑎0 𝑥 3 + 𝑏0 𝑥 2 + 𝑐0 𝑥 + 𝑑0 ,
𝑆1 (𝑥) = 𝑎1 𝑥 3 + 𝑏1 𝑥 2 + 𝑐1 𝑥 + 𝑑1 ,
.
𝑆(𝑥)
..
3
2
{𝑆𝑛−1 (𝑥) = 𝑎𝑛−1 𝑥 + 𝑏𝑛−1 𝑥 + 𝑐𝑛−1 𝑥 + 𝑑𝑛−1 ,

𝑥 ∈ [𝑥0 , 𝑥1 ]
𝑥 ∈ [𝑥1 , 𝑥2 ]

(2)

𝑥 ∈ [𝑥𝑛−1 , 𝑥𝑛 ]

 least square interpolation :
The model function f (x, β) is set by m β1 ...... ..βm parameters contained in the vector
β.The minimum of a sum of squares (3)
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𝑆(𝛽) = ∑𝑛𝑖=1(𝑦𝑖 − 𝑓(𝑥𝑖 , 𝛽))2

(3)

Is seeking where the gradient of S is 0 whether
𝑛
𝜕𝑆(𝛽)
𝜕𝑓(𝑥𝑖 , 𝛽)
= −2 ∑(𝑦𝑖 − 𝑓(𝑥𝑖 , 𝛽))
=0
𝜕𝛽𝑘
𝜕𝛽𝑘

𝑘 = 1, … … . 𝑚

𝑖=1

The interpolation error may be estimated by either the absolute value of the maximal error
or by the standard deviation (rms value) of the error [32-34]:
∆𝑓𝑚𝑎𝑥 = max𝑖=1:𝑁 |𝑓𝑖 − 𝑓𝑖′ |
(4)
1

′ 2
σ = √ ∑N
i=1(fi − fi )

(5)

N

5. 3D reconstruction
Our method uses the natural shape of the blood vessel: a vessel has a cylindrical shape
which can be represented as a combination of an axe and a surface [14-16]. The interpolated
curve is assumed to be the blood vessel axis [17-21], then for creating the cylindrical shape we
need a set of successive 3D circles (Figure.5).

Figure 5. The axis H and the stack of contours of the surface
We start by defining the classic circle parameterization, a circle that has a center O (x0, y0)
and radius r and has the parametric equation (6):
X(t) = x0 + r ∗ cos(θ)
{Y(t) = y0 + r ∗ sin(θ) With θ ∈ [0:2π]
(6)
Z(t) = r ∗ sin(θ)
Then a surface reconstruction process is applied to the interpolated curve to obtain a
representation of 3D blood vessel by using the Right Generalized Cylinder State Model (RGCsm) .the reconstruction is made piece-wise (figure 5) [15-16]. Indeed, we start with the first
portion of the generalized cylinder whose center is defined by the end point P then P+1 [1720], then we continue with the next part of the axe till the last point. With this method can
determine the coordinates of the points P (x, y, z).
Right generalized cylinder:
Right generalized cylinder (RGC) is composed of two geometric objects: the first is a
generator axis H which represents elongated shape of the vessel, and the second is a surface S
which represents the vessel wall, a schematic of this presentation is presented in Figure 6 [1516].
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Figure 6. Presentation includes both geometric objects of the generalized right cylinder (RGC)
A RGC equation (7) should include a coupling of an ordinary axis H and a regular surface
S and which may be represented by the pair of parametric equations:
𝐻 = ℎ(𝑙): 𝑅 + → 𝑅3
{
,0 ≤ 𝑙 ≤ 𝑛
(7)
𝑆 = 𝑠(𝑙, 𝑤): 𝑅 + × 𝑅 + → 𝑅3
Where:
l is the axial parameter.
n is the axis’ length.
w is the surface azimuthal parameter.
So the RGC formula (8), we introduce a radius parameter r to represent the cylinder as a
volumetric object (figure 7):
C(l, w, r): R+ × R+ × R+ → R3
(8)

Figure 7. Scheme of RGC’s equation parameters. Representation consists of the cylinder
surface and its axis.
6. Result and discussion
We have used the stare database images [25], the reconstruction time takes into account the
time required for image segmentation and the time needed for the reconstruction 3D. All these
results were obtained on a workstation equipped with an Intel Pentium B960 CPU @ 2.20 GHz
and 4GB of RAM processor.
A. Image segmentation of the human retina
The skeletonized image reduces the spaces occupied by the blood vessel to a line. On the
skeleton so obtained (Figure 8b), we can define: the total number of bifurcation points, the end
points and the inner points which are used to extract the vascular curve. We obtain for image
im0002.jpg (Figure 8a), 63 end points (Figure 8c) and 185 bifurcation points (Figure 8d).
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a

b

c
d
Figure 8 (a) Image 'im0002.JPG', (b) Skeletonization of the image 'im0002.JPG',
(c) Endpoint, (d) Bifurcation points
B. Interpolation and error calculation
After the execution of the interpolating algorithm based on spline, least square or cubic
spline we calculated the absolute error (4) and the standard deviation (rms) (5) for each one of
these interpolations methods.

729

3D Model Reconstruction of Blood Vessels in The Retina

Figure 9. Error least squares interpolation.
Table 1. Calculated error
Least squares
Spline
interpolation
interpolation
1.8613
≈0
0.6967
≈0

Error absolute
Rms

Cubic spline
interpolation
0
0

Figure 9 present the error due to interpolation using the last square method for an example
of blood vessel curve. The fluctuates in a random manner. The fluctuations are characterized
by the maximal absolute error and rms value.
The results are recapitulated in table1 for the tree interpolation methods. The last square
method gives rise to an important error. Indeed, the rms value is about 0.7 pixels and the
maximal error is about 1.9 pixels. However, the interpolation errors vanish using the linear
spline or the cubic spline .for this reason, in next step we will use the cubic spline interpolation.
The 2D interpolation algorithm works perfectly, especially for the last two methods. If we
compare the simulation results obtained with the results of Melissa Jourdain et al. [9] It may be
noted that the results obtained by their methods proposed for the two sets of synthesized and
ghost data show that the RMS error is 0.75, with a minimum error of 0 pixels and a maximum
of 2 pixels. On the other hand, the results obtained after the simulation of monitoring methods
used shows that the RMS error is 0.7 pixel for the method of Least squares and almost zero for
the other two methods with an error of 1.8 pixels 0 the first method and 0 for the second and
third method which is the superiority and reliability of the algorithm used.

a

b
Figure 10. (a) The original blood vessel, (b) Interpolation by cubic spline
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Figure 10 (a) shows the original blood vessel taken from the image 0002.jpg and Figure. 10
(b) presents the curve interpolation using cubic spline method. It is clear that the two images
are identical and interpolation dos not introduce any bias. We can consider that this step of the
reconstruction of blood vessel axis has been made successfully.
C. 3D Reconstruction

Figure 11. The different stages of the reconstruction of a blood vessels 3D model. (a) Shows
the axis H. (b) the stack of contours constructing the surface.
(c) 3D reconstruction of blood vessel.
Figure 11 shows a graphical interpretation of the method used for the reconstruction of a
3D model of blood vessel.

Figure 12. Reconstruction 3D of the blood vessel
The aim is not only to make a 3D reconstruction for visualization purposes but also to
describe the shape of the structure studied by one or more geometric objects such as implicit
surfaces, parametric surfaces or freeform surfaces. The benefits of this approach to perform 3D
reconstruction by generalized cylinder method are: first in time is the precision of description
of the form. Then it allows us naturally integrates the sequential monitoring concept, as it
allows the definition of a set of analytical measurements, such as areas, useful in computing the
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quantization of the degree of stenosis by consequence Obtaining a structured object, easy to
handle. Finally, the most important advantage in terms of execution time (about 5 seconds).
The result obtained by Birkeland et al. [10] between 7-10 minutes and Hua et al. [11]
provides offers an innovative approach to segmenting tubular structures with a calculation time
is less than 2 min. On the other hand, the execution time of our proposed algorithm of the order
of several seconds. Thus, the proposed algorithm is faster than the other two methods.
This comparison also shows that our method can correctly follow nearly all branches and
also reduce the execution time while having the ability to segment the thin vessels.
7. Conclusion:
We propose in this work a method to implicitly represent the 3D model of a vascular tree
from the image of the human retina. We also describe algorithms to extract the 2D vascular
tree of the human retina that allows us to exploit the different features the retina images and
data mining (endpoint, branch points and the points of the center line), the results of this step
are converted into control points that are easy to store and handle in the next step. Then we
apply the interpolation algorithm for this data, we proposed an automatic algorithm for
modeling a smooth curve with linear spline, least square, and cubic spline interpolation. The
result given by the least squares method gives rise to a significant error. The result given by the
least squares method gives rise to a significant error. Indeed, the RMS value is about 0.7 pixels
and the maximum error is about 1.9 pixels. However, the interpolation errors disappear by
using a linear or cubic spline. In the last step, we present a 3D reconstruction method for a
network of tubular structures. Generalized cylinders follow the curves of ships interpolated
using the Generalized Right Cylinder State Model method that gives us a model consists of two
geometric objects: a generator axis H and a surface S. The results clearly show the feasibility
and speed of the method proposed. Our method combines the sequential approach vessel
tracking, with the use of a continuous model of a generalized cylinder.
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